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HOFER METRIC FROM THE CONTACT POINT OF VIEW 

TOMASZ RYBICKI 



Abstract. Given a manifold M endowed with a contact 1-form a, a bi- 
invariant pseudo-metric g a is introduced on Conto(M, a), the compactly 
supported identity component of the group of all strict contactomorphisms 

C ■ ■ of (Af, a). For M open g a is a metric. If (N,u>) is a symplectic manifold 

which is either closed integral or open exact, and if (M , a) is the prequan- 

r^ ' tization space of (TV, w), the existence of tp in the commutator subgroup 

of Conto(M, a) such that g Q (id, , 0) > is shown by elementary methods. 
In view of the simplicity theorem on the Hamiltonian symplectomorphism 

r^ , group it follows an alternative, elementary and natural, proof of the non- 

C^ ' degeneracy of the Hofer metric qh on the Hamiltonian group Ham(7V, w) 

without using any hard symplectic methods. Next the unboundedness of 
qh on Ham(A, w) is established. Finally, some estimates on the Hofer 
metric, which cannot be derived from the energy-capacity inequality, are 
given. 

^H ■ 

G\ , 1. Introduction 

■^ \ Let (M, ^ = ker(a)) be a co-oriented contact manifold, i.e. M is a C°° 

smooth paracompact manifold of dimension 2n + 1, and a is a C°° 1-form 
on M such that u a = a A (da) n is a volume form. A contactomorphism / 
of (M, a) is a C°° diffeomorphism of M such that f*a = A/a, where A/ is 
a smooth nowhere vanishing function on M depending on / and a. In other 
words, / preserves the contact distribution £. Next, a contactomorphism / is 
called strict if A/ is equal to 1 on M. 

Let Cont(M, £) (resp. Cont(M, a)) denote the group of all contactomor- 
phisms (resp. strict contactomorphisms) of (M, £) (resp. (M, a)), and let 
Conto(M, £) be the compactly supported identity component of Cont(M, £). 
In view of [17J Cont(M, ^) is a simple group. We shall deal mainly with contact 
manifolds (M, a) in the narrow sense. The symbol Conto(M, a) stands for the 
totality of all elements of Cont(M, a) which can be joined to the identity by a 
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compactly supported smooth isotopy in Cont(M, a). Note that Conto(M, a) 
is neither a simple group nor a normal subgroup of Conto(M, £). 

The Hofer metric Qh is a bi-invariant metric on the group of compactly sup- 
ported Hamiltonian symplectomorphisms of a symplectic manifold. Hofer ge- 
ometry constitutes a basic tool in symplectic topology (see [9j, [12], |13| . |16j). 
In attempt to extend methods of Hofer geometry to the contact case Banyaga 
and Donato in [2] introduced a bi-invariant metric qbd on Cont(M, a) for a 
very special type of (M, a). Recently, Miiller and Spaeth in [T3] generalized 
this definition for all contact manifolds (M, a). In this paper we deal with 
a bi-invariant pseudo-metric g a on Cont (M, a). For M open g a is a metric. 
It is then equivalent to the Banyaga-Donato metric but very likely different 
than it. For M open the non-degeneracy of g a is shown by making use of the 
energy-capacity inequality for contact manifolds [14J. 

For any F G C™(M, R) denote 

II F || 00= maxF(») — min F(p). 
peM peM 

Theorem 1.1. Given any contact manifold (M, a) and a compactly supported 
vector field on M, denote 

II X \\ a =\\ a(X) || oo . 

Then the function g a : Conto(M, a) x Conto(M, a) — > [0, 00), given by 

Q a (<P,il>) = w£{l a ({f t })\ {ft} lies in Cont (M,a) withf = <p,f 1 = ip} 

for any (p,i[) G Conto(M, a), is a bi-invariant pseudo-metric on the group 
Conto(M, a). Here l a ({ft}) is the length of an isotopy {f t } in Conto(M, a) 
with respect to the norm || • || a . Moreover, g a is a metric if and only if M is 
open. 

Our next aim is to show some part of Theorem 1.1 without appealing to 
hard symplectic methods. This part is formulated as the following 

Claim 1.2. Assume that either (1) (M,a) is the total space of a prequanti- 
zation bundle of a integral closed symplectic manifold (N,u>), or (2) (M,a) is 
the contactisation of an exact open symplectic manifold (JV, u). Then there is 
if G Cont (M, a) such that g a (id,cp) > 0. Moreover, <p can be chosen in the 
commutator subgroup o/Conto(M, a). 

A straightforward consequence of Claim 1.2 and of the classical simplicity 
theorem on the Hamiltonian symplectomorphism group due to Banyaga [1] 
(Theorem 6.2) is an elementary and natural proof of the non-degeneracy of 
the Hofer metric gu for Ham(iV, u), whenever (N,u>) is either integral closed 
or exact open. This is a striking enough phenomenon, bearing in mind hard 
symplectic methods in the classical proofs, see [9], [15], [II] . [T3] and [IB] . This 
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proof constitutes an example of the influence of the structure of strict contac- 
tomorphism group (i.e. the quantomorphism group) on symplectic topology. 
Up to now only the opposite influence has been known, e.g. in the paper [5] by 
Eliashberg and Polterovich, or in |14| . the contactomorphism group has been 
investigated by symplectic methods. Further investigations of the properties 
of Q a might be of interest both in contact and symplectic topology. Namely, 
the fact that the non-degeneracy of the Hofer metric on Ham(iV, ui) is encoded 
in the related contact structure seems to reveal new perspectives in contact 
topology and new interrelations between both topologies. 

As a by-product of the proof of Claim 1.2 we obtain some estimate on 
to (id, ip), where ip is a Hamiltonian symplectomorphism determined by a 
"typical" bump function on M? n . It follows that the metrics g a and qh on 
the groups under consideration are unbounded. 

Namely, for every a, b, c > choose a smooth bump function 

Ai = f>a,b,c ■■{-{a + b),a + b) -» [0, c] 

such that supp(/i) C (—(a + |6),a + |6), /i = c on [—a, a], with "typical" 
properties (see section 7.2). For all p = (x,y) € R 2n we define 

F a ,b,c(p) '■= K x i) ■ • ■ n{x n )n{y x ) ■ -n(y n ). 
Set U = (—(a + b),(a + b)) and let p = p a ^, c be the time-one map of F a ^ c . 
Then we have the following 

Theorem 1.3. Let (N, uj) be a 2n- dimensional integral closed symplectic man- 
ifold, and let N — U\ U . . . U U r , where each Ui is a canonical chart domain, 
U\ — U and vol(L^) < vol (£7) for i — 1, . . . , r. Then 



a 2n c 2n 



< qh (id, ip), 



(a + b) 2n (2n + 2)r 
where if is viewed as belonging to Ham(iV, ui) . 

Another version of this theorem encompasses exact open symplectic mani- 
folds as well. 

Theorem 1.4. Let (N,u>) be either integral closed or exact open. Under the 
above notation 



a 2n c 2n 



< QH(id,<p). 



(a + 6) 2n (4n 2 + 6n + 2) 

In the local case this inequality may be better, see (7.17). Observe that, in 
general, the above inequalities are not a consequence of the energy-capacity 
inequality. In fact, we can take c large enough without changing the support 
of (f. 

Recall that a group G is called unbounded if it carries a bi-invariant metric 
which is unbounded. Otherwise it is called bounded. Then we have 
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Corollary 1.5. Let (M,a) and (N,w) be as in Claim 1.2. Then the metrics 
g a on Conto(M, a) and qh on Ham(iV, oo) are unbounded. Consequently, the 
groups Conto(M, a) and Ham(iV, oo) are unbounded. 

Indeed, it suffices to take c tending to oo. 

There are some results related to Corollary 1.5. For instance, Sikorav proved 
in [19] that the Hofer metric on the group Ham(R 2n , u; s t) is unbounded, but 
not stably unbounded. The unboundedness of qh is established for surfaces, 
complex projective spaces with the Fubini-Study symplectic form and closed 
manifolds with 7C2 = 0, see [3J and references therein. Notice that contrary to 
Corollary 1.5 the identity components of most of diffeomorphism groups are 
bounded (see [3J, [18J), but it is still not known if it is the case of all mani- 
folds. In the contact category several result concerning the (un)boundedness 
of Conto(M, £) and its universal covering group have recently been proved by 
Colin and Sandon [3], and Fraser, Polterovich and Rosen [7J. 
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thank for the invitation and hospitality. I express my gratitude to Frangois 
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on an earlier version of the paper. Also I would like to thank Yasha Eliashberg 
for calling to my attention the reference 



2. The Hofer metric 

First we recall the definition of the Hofer metric, c.f. [9], |12| . Let (M,uo) 
be a symplectic manifold. Recall that there is a one-to-one correspondence 
between isotopies {ft} in Ham(M, oo) and smooth families of functions H t (up 

to constant) in C^°(M, R) given by 

i Xt oo = dH t , 

where X t = f t is defined by -^ o ff 1 . Let f)am(M, u) be the Lie algebra of 
Ham(M, u), i.e. the totality of compactly supported Hamiltonian vector fields 
on (M,u). Then for X E ham(M, u) we set 

(2.1) || X \\oo=\\ H x ||oo= m&xHxip) - min. H x (p), 

pdM p£M 

where H x G C^°(M, R) such that i x uo = dH x (|| • ||oo is a norm on f)am(M, u) 
even if M compact). Observe that 

(2.2) || Ho v 11^=11 H || oo 

for all H G C^°(M, R) and if G Ham(M, u), that is the norm || • Hoc is invariant 
w.r.t. the adjoint action of Ham(M, us) on P)am(M, uj). Now the Hofer length 



of a Hamiltonian isotopy {f t } is defined as 

(2.3) l H ({ft}) = f \\f t ||oo dt. 

Jo 

The Hofer norm (or the Hofer energy) is then defined for tp G Ham(M, ui) by 
(2-4) E H {ip) = inUl H ({ft})), 

where {f t } runs over all Hamiltonian isotopies joining id to (p. 

Let G be a group. For a function v : G — > [0, oo) such that z/(e) = consider 
the following conditions. For any g,h G G 

(i) K^ 1 ) = Ks); 

(2) v(gh)<v(g)+v(h); 

(3) z/(g) > if and only if g ^ e; 

(4) i/^/r 1 ) = %)■ 

Then v is called a pseudo-norm (resp. norm) if (l)-(2) (resp. (l)-(3)) are 
fulfilled. If (3) is not satisfied, v is called degenerate. Next, v is conjugation- 
invariant if (4) is satisfied. In view of Lemma 3.1 below and (2.2) it is easily 
seen that Eh is a conjugation-invariant pseudo-norm. 

The following theorem was proved by Hofer in [8J for M = M 2n . It was 
generalized for some other symplectic manifolds by Polterovich in [15J. Finally, 
the proof for all symplectic manifolds was given by Lalonde and McDuff in 
|11| . In all three proofs the Hofer's idea of displacement energy and hard 
symplectic methods are in use. 

Theorem 2.1. Eh '■ Ham(M, u) — » [0, oo) is a norm. Consequently, Qh{ ( Pi VO : 
Eni^pip' 1 ) is a bi-invariant metric, called the Hofer metric. 

The Hofer metric plays a crucial role in symplectic topology and various 
important notions and facts are expressed in terms of it (see, e.g., [9], |12| . 
|13j . [16j). The original proof of its non-degeneracy for M = M. 2n is based on 
the action principle and a crucial role in it is played by the action spectrum. 
The Hofer metric is intimately related, on the one hand, to a capacity cq (c.f. 
[9]) and hence to periodic orbits, and on the other hand to the displacement 
energy. 

3. The groups of contactomorphisms 

Let / G Diff (M) and {ft}, t G M., be a compactly supported smooth isotopy 
such that /i = /, /o = id. Then {f t } determines a smooth family of vector 
fields {f t } in 3£ C (M), the Lie algebra of all compactly supported vector fields 
on M. Namely for all p G M and t G R we have 

(3.i) hip) = d -^(fr\v)). 
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Moreover, there is the one-to-one correspondence between 

{f t } G C~(R,Diff (M)) = {/ : R -> Diff (M)| /(0) = id} 

and {f t } G C°°(R, £ C (M)), see, e.g., [10] for more details. In particular, 
a time-independent vector field X G X C (M) corresponds to its flow Fl G 
Cr(K,Diff (M)). 

Likewise, for any <p G Diff (M) the space C~(R, Diff (M)) = {/ : R -> 

Diff (M)| /(0) = </?} identifies with C°°(R, X C (M)) by {/J .-> {/ t o y?- 1 }. 
The following is easy to check. 

Lemma 3.1. Let {f t }, {g t } G Cf (R, Diff (M)) and G Diff(M). T/ien: 

(i)1m=ft + (ftUgt). 

(2) yr^-ur'M/t). 

Let (M, £ = ker(a)) be a co-oriented contact manifold with dim(M) = 
2n+l. The contact form a can be put into the following normal form. For any 
p G M there is a chart (xi,...,x n ,yi,...,y n ,z) : M D U ->• it([/) C R 2n+1 , 
centered at p, such that a\u = dz — yidxi — ... — y„dx n . 

The symbol cont(M, £) will stand for the Lie algebra of all contact vector 
fields, i.e. X G coni(M, £) iff L x a = /ix« for some function \i x £ C°°(M, R), 
where L is the Lie derivative. This definition is independent of a, though /^x 
depends on a. Let cont c (M, £) be the Lie subalgebra of compactly supported 
elements of cont(M, £). Then cont c (M, £) is the Lie algebra of the Lie group 
Conto(M, £) (c.f. [10]) and in view of (3.1) we get the bijection 

Cf (R,Cont (M,0) 3 {ft} H- {/*} e C°°(R,cont c (M,0). 
Set I = [0, 1]. For a Lie group G and g,h G G we introduce the notation 

J g G = {/ g C°°(I, G)|/(0) = <?}, J g h G = {fe C°°(I, G)|/(0) = </, /(l) = M 

for the isotopy groups of G. 

Then the above bijection induces the bijection for / (as well as for any 
interval of R with some initial condition fixed) 

(3.2) ^ d Cont (M,0 -> C°°(J, cont c (M,0). 

In particular, one has Lx t « = /ij t a with jxx t — (<9hi A/j/dt)/^ 1 where / t *a = 
A/ t a and X 4 = f t . Next we define cont c (M, a) = {X G cont c (M, £) : //^ = 0}, 
and the bijection 

J id Cont (M, a) -> C°°(/, cont c (M, a)). 
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Let R a denote the unique vector field satisfying iji a a = 1 and i Ra da = 0, 
where ix is the interior product w.r.t. X. R a is called the Reeb vector field. 
Clearly R a G cont(M, a). A vector field X is called horizontal if ixct = 0. A 
dual concept is a semibasic form, i.e. any 1-form 7 such that 'y(Ra) = 0. We 
have the R-linear isomorphism 

I da : X(M) 3X^i x da + a(X)a G ^(M) 

between the space of vector fields X(M) and the space of 1-forms J 1 (M). The 
isomorphism Ida preserves the duality, that is 

(3.3) X G X(M) is horizontal •<=>- Id a (X) is semi-basic. 
Given any function H G C°°(M, R), we get a semi-basic 1-form 

6 H = dH(R a )a-dH. 
It defines uniquely a horizontal vector field Yjj such that 

(3.4) i YH da = dH(R a )a-dH. 

As a consequence we have the existence of the following isomorphism I a , an 
important tool in contact geometry. 

Proposition 3.2. There is an M>-linear isomorphism 

I a : cont(M, £)3Xt-H x a = a(X) G C°°(M, R). 

In particular, C^°(M, R) zs identified with cont c (M, ^) by means of a. 

For H G C°°(M, R) we have 

(3.5) I-\H) = HR a + I^((i Ra dH)a-dH) = HR a + Y H . 

Set Xh = I~ l {H). Notice that, in view of (3.3), (3.4) and the Cartan formula, 

(3.6) Lx H cy. = (dH(R a ))a, 

that is Xh is indeed an element of cont(M, £). It follows that any basic function 
H G C°°(M, R), i.e. a function invariant under the Reeb flow, gives rise to a 
horizontal vector field Yh given by 

(3.7) iy H da = — dH. 

In view of (3.2) and Prop. 3.2 we get the bijective correspondence 

(3.8) t> a : J- id Cont (M,0 3 {f t } H- *«({/«}) e C~(7 x M,R). 

Furthermore, denote by C^°(M, R) the space of compactly supported basic 
functions on M. Hence in view of (3.6) there is a one-to-one correspondence 

(3.9) V a : J- id Cont (M,a) 3 {f t } H- * Q ({/*}) e C 6 °°(/ X M,R). 

Now from Lemma 3.1 we derive the following 
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Lemma 3.3. Let ^ a be as in (3.8), {f t }, {g t } G J id Cont (M,£) and <p G 
Cont(M,0- Then: 

(1) *„({/«</«}) = *«({/.}) + (A,, • *«({&})) o /r 1 ; 

(2) ^({/r 1 }) = ^7/ •(*«({/«}) o/ t ); 

(3) * Q ({/7V}) = Aj/ • ((*«({&}) - *«({/«})) o ft); 

(4) ^({ipftfp- 1 }) = \ ■ (* a ({ft}) o v^- 1 )- 

We will deal with the standard contact form a st = d z — Y^=i Vi d x i on 
R 2n+1 or R 2n x S 1 . Then we have X ast = £ and da s( = ELi^ A d Vi- 
Observe that £ st = ker(o; st ) is generated by Yj, = -^- and JQ = ^- + Vij^i 
where i = 1, . . . ,n. 

Next it is easily seen that Ida st (Xi) = —dxi and Ida st (Xi) = d^. For every 
X G £(R 2n+1 , a si ) we have i x a st G C°°(R 2n+1 , R) by '" 

n <9 ra <9 <9 

(3.10) ? x a s < = Mo - ^ ^ if ^ = M °^ _ + 5Z Mi ^ \-u n+i — . 

i=i ( ' i=i * ^ l 

Conversely, in view of (3.5) and the above equalities, we have 

(h-X" —\—-^T—— vf— —\ — 

I ^ l dyijdz j^dyidxi ^\dxi * dz J dy*' 

for all if G C°°(R 2n+1 ,R). Indeed, it is easily checked that a(X H ) = H and 
Lx H cn = Qf-ot. These equalities imply (3.11). 

Throughout we will write x instead of (x±, . . . , x n ) and y instead of (y±, . . . , y n 
We specify some elements in Conto(R 2ra x S 1 ,^^), where S 1 = R/Z: 

(1) The translations t\ : (x, y, z) —¥ (x, y, z + t) for tGl. Here H is the 
constant function 1 and Xjj = R ast . 

(2) The translations r t : (x,y,z) — > (x + tli,y, z), i = l,...,n and 
t G R, with H(x, y, z) = -y { and X H = £.. 

(3) The pseudo-translations r t : (x,y,z) —¥ (x,y + tlj,^ + tajj) for i = 
1, . . . , n and £ G R. Here if (x, y, z) = Xj and X^ = ^- + x^. 

Observe that the maps r t from (3) cannot be "replaced" by the transla- 
tions along the y t axes, since such translations are not contactomorphisms as 
they do not preserve the contact distribution £. 

Proposition 3.4. (1) If a diffeomorphism f o/l^xS 1 is a contactomor- 
phism, where f = (/ 1; . . . , f 2n , jfen+i) w.r.t. the coordinates (x,y,z), 
then we have 

9f2n+l v-^ Ofj __ 



In particular, if f is independent of z then Xf = 1 on M. 2n x S 1 . 
(2) Given a contact manifold (M, a), if there is a nonconstant H G C^°(M, I 
independent of z, then the group Cont(M, a) is non-trivial. 

Proof. (1) follows from the coordinate expression for /, see Prop. 2.2 in |17j . 
Now, (2) is a consequence of (1) and (3.7). Namely, take elements of the flow 
Fl H , where H is independent of z. □ 

Let 7r : (M, a) — >■ (N, tS) be a prequantization bundle. For a subset C G N 
let Contc(M, a) stand for the totality of / G Conto(M, a) such that there 
exists an isotopy {/ t } compactly supported in C x S 1 with / = id and fi = f. 
In the sequel we shall need the fragmentation lemma. 

Lemma 3.5. Let (M, a) and (N, u) satisfy the assumption of Claim 1.2. Sup- 
pose Ui, . . . , U r is an open covering of N, i.e. N — U\U- ■ -\JU r , where possibly 
U{ = \_\ k Ui } k such that {C^,fe}feLi is a family of pairwise disjoint, locally finite 
sets for alii. Moreover, the bundle it trivializes over each U^k- Then for every 
compact subset C G N there is a C 1 neighborhood U of id in Cont c{M, a) and 
smooth maps preserving the identity 

P { : W^Cont c (M,a), z = l,...,r, 

such that 

8U P p(Pi(/)) GUiXS 1 , f = P r (f) o . . . o Pi(/) 
for any f 6 U. 

The proof follows from Prop. 3.2 and is well-known (e.g. [17j). 

4. The pseudo-metric g a 

Let (M, £ = ker(a)) be a (co-oriented) contact manifold. We shall deal with 
the pseudo-metric g a on Conto(M, a). 

In view of Prop. 3.2 it is obvious that || • || Q given by 

(4-1) || X \\ a =\\ a(X) IU 

is a pseudo-norm on cont c (M, C,). If M is open then for X G cont c (M, ^) 
we have max p( zM \&{X)\ <|| X || a . That is, || ■ || Q is a norm for M open. 
Contrary to the Hamiltonian case, || • || Q is not a norm if M is closed. In fact, 
the Reeb vector field R a belongs to cont c (M, a) and clearly || R a \\ a = 0. Next 
g a possesses the invariance property, similar to (2.2). 

Proposition 4.1. For any X E cont(M, £) and ip G Cont(M, a) we nave 
|| Ad v (X) || a =|| X || Q . 

Proof. It follows from the equality a((p*X) = ip*a(X) o ip~ l = (A^«(X)) o 
V?" 1 = a(X) o ^- x for all X G X(M) and <p G Cont(M, a). D 
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For a contact isotopy {ft}, t G /, in Conto(M, £) we introduce the notion of 
contact length by 

(4.2) l a ({f t }) = [ \\f t \\ a dt= [ || F t ||oo dt, 

Jo Jo 

where F G C£°(J x M, R) corresponds to {/ t } and F t = F(t, •). Here we do 
not assume that fo = id and we have the equality 

(4.3) L({fl-t}) =*«({/*}), 

and the right-invariance of Z a 

(4.4) Vy? G Cont (M,0, *«({/*¥>}) = *«({/*})■ 

Lemma 4.2. 7/cr : [a, b] -^ I be a smooth non- decreasing surjection then for 
any isotopy {f t } in Cont (M,£) one has L({U(t)}a<t<b) = L({ft})- 

Proof. Suppose F G C~(J x M,R) corresponds by (3.8) to {/J and F a G 
C^°(7 x M,M) corresponds to {f a (t)}- Then we have 

F a (t,x) = a x (f ff(Jt )(x)) = a x [<?' {t)-^-\ T=a{t) (f-^(x)) 

= <r'{t)a x {f ff{t) {x)) = <j'(t)F(<j(t),x). 
It follows that 



U{U(t)})= I \\F t °\\ 0O dt = I o-'(t)\\F a 

J a J a 

= [ \\F t IU dt = l a ({ft}), 

Jo 



(t) || oo dt 



'0 

as required. □ 

Note that for any < s < 1 one has 
(4.5) UUthei) = L({ft}o<t<s) + l a ({ft}s<t<i). 

As a consequence of the above facts we get 

Proposition 4.3. For all isotopies {ft} , {gt} inConto(M, £) (resp. Conto(M, a),) 
we /iawe: 

(1) For any < 5 < \ there exists an isotopy {f t } in Conto(M, £) (resp. 
Cont (M, a)) with l a ({ft}) — la({ft}) suc h that f t = /o for \t\ < 5 and 
ft = fifor\l-t\<5. 

(2) There is {f t } in Cont (M,£) (resp. Cont (M,a)j suc/i tfiat * a ({/t}) 
is 1-periodic in t, f = f , f x = f\, and l a ({ft}) = L({ft})- 

(3) la({ft}_* {&}) = L({ft}) +L({gt}), where {f t }, {g t } are as in (1), 
and {ft} * {gt} is their concatenation. 

(4) Vy? G Cont(M,a), UWft^ 1 }) = *«({/*})■ 
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Proof. In fact, (1) is a consequence of Lemma 4.2, and (2) and (3) follow from 
(1) and (4.5). Prop. 4.1 and (4.4) yield (4). □ 

For tp, ip G Conto(M, a) define 

(4-6) g a (cp^) = inf {*«({/«})}, 

where {f t } is an element of J^ Cont (M, a). Then, in view of Prop. 4. 3, (4.3) 
and (4.4) g a is a bi-invariant pseudo-metric on Conto(M, a). 

In order to complete the proof of Theorem 1.1 we shall need the energy- 
capacity inequality in the contact case. 

Theorem 4.4. (Theorem 1.1 in [II],) Let (ikf, £ = ker(a)) is a contact mani- 
fold. Suppose that (f) G Conto(M, £) is the time-one map of H G C£°(J x M, R) 
and i/iai displaces a ball. Then there exists a constant C > 0, independent 
of the contact Hamiltonian H , such that 

0<Ce- w <\\ H \\:=max\H(p)\, 

where h G C^°(/xM, M) is the conformal factor of the isotopy {<p t } = ^^(H), 
i.e. cj)* t a = e h ^a. 

Proof of Theorem 1.1 We already know that g a is a bi-invariant pseudo- 
metric on Cont (M, a). For M open the non-degeneracy follows from Theorem 
4.4 since in the group Conto(M, a) h(t, •) = on M and from the inequality 
II H ||<|| H ||oo. For M closed the elements of the flow of R a belong to 
Conto(M, a) and || R a ||„= for all t. 

5. Relation to Banyaga-Donato metric 

Let us remark that Banyaga and Donato introduced in [2] a bi-invariant 
metric on Conto(M, a), where (M, a) is a compact regular contact manifold 
satisfying some additional condition, by using the Hofer metric on the corre- 
sponding Hamiltonian group of the base of M. Namely, if (M, a) is as above 
then the mapping c : Cont (M, a) — > R given by 

induces an epimorphism c : Cont(M, a) — > R, where F = ^> a ({f t }) cor- 
responds to {f t } and Cont(M, a) is the universal covering of Cont(M, a). 
Moreover, it is assumed in |2j that 

c(7Ti(Cont(M, a)) = Z. 

n 



Now the contact length defined by Banyaga and Donato takes the form 

(5.1) lBD({ft}) = \c{ft)\+ [ || Alloc dt, 

Jo 
where {f t } is an isotopy in Conto ( M , a) . Next, the bi-invariant metric qbd is 
defined by (4.6), where l a is replaced by l BD . 

Recently, Miiller and Spaeth introduce in [T3] the definition of the Banyaga- 
Donato metric for all contact manifolds (Theorem 1.2 in p3]) by using a length 
slightly different than Ibd given by (5.1). Namely, for F = *& a {{ft}) they 
defined 

(5-2) Wi7J)= [ (\\ ft Woo +\c(F t )\)dt, 

Jo 

where c is the average value of a function, that is c(F) := j M Fv a . However we 

have that the metrics qbd defined by (5.1) and g' BD defined by (5.2) coincide 

in view of Lemma 10.3, [14|. 

The non-degeneracy of qbd was proven in [T4] for all contact manifolds by 
applying the energy-capacity inequality for contact structures (Theorem 4.4). 
This inequality is obtained by means of the energy-capacity inequality in the 
symplectization of the contact manifold in question. 

Since for M open and for all F G C~(M,R) we have || F \\<\\ F \\^ 
+ |c(-F)| < 3 || F ||, where || F \\= max p£M \F(p)\ , the metrics g a and g BD 
are then equivalent. On the other hand, it is very likely that these metrics are 
different (though difficult to show). 

In the sequel we shall not appeal to the metric Qbd- 

6. Relation to Hofer metric 

In this section we shall see how the pseudo-metric g a is related to the Hofer 
metric qjj. 

Set S 1 = R/Z. Now let us consider the assumption of Claim 1.2. Let 
7r : M — y N be a principal S 1 -bundle with the § 1 -action on M generated by 
the flow of a vector field R with period 1. Suppose that a is a connection 1- 
form on this bundle, i.e. a fulfills L B a = and i^a = 1. In view of the Cartan 
formula we get Ln(da) = and i B da = 0. Consequently, da determines a 
2-form uoniV such that tt*u> = da. Since it* is injective, it follows from 
it* du = d 2 a = so that dco = 0. Then u is called the curvature form of a. 

The above situation is well-known and occurs in the following cases: 

(1) Due to the first part of Boothby-Wang theorem (see, e.g., [6], 7.2.4), 
if (N, u)) is a closed symplectic manifold with symplectic integral form 
u and it : M — y N is the principal S 1 -bundle with Euler class —[id] G 
H 2 (N, Z), then there exists a connection form a on M such that a is a 
regular contact form, the curvature form of a is id, and the infinitesimal 
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generator of the § 1 -action is R a . Recall that a nowhere vanishing vector 
field R on M is called regular if each point of M admits a flow box 
which meets at most once any integral curve of R. Next a contact form 
is regular if so is its Reeb vector field. 

More generally, in view of the second part of Boothby-Wang theorem 
([6], 7.2.5), if a is a regular contact form on a closed manifold M then, 
after rescaling it, a is the connection form on a principal § 1 -bundle 
it : M — > N over a symplectic manifold (N,u), with u the curvature 
form of a. Then (M, a) is called the prequantization of (N,u) and 
Conto(M, a) is the group of quantomorphisms (c.f. Souriau [20J). 
(2) If (N,u>) is an open exact symplectic manifold with u = — d8, then 
we define a contact manifold (M,£ = ker(a)), where M = N x S 1 , 
a = dz — 6, and z is the coordinate on S 1 . 

In each case the contact distribution coincides with the horizontal distribu- 
tion of the connection in tt : M — > N determined by the form a. 

Next recall the definition of a homomorphism 

(6.1) q : Cont (M, a) -> Ham(iV, w). 

Let {/ t } be an isotopy in Conto(M, a) joining id to / = f\ and let F = 
*«({/*}) be the corresponding element of C™(JxI, R) by (3.9). Then Lja = 
and the Cartan formula yields the equalities 



/ 



da = — d{ij t a) = — dF t . 



Since F t is basic there is a smooth family H t in C^°(iV, M) given by 

(6.2) -F t = H t oir. 

In view of (3.7) there is a unique smooth curve of vector fields Y t = Yp t such 
that a(Y t ) = and %y t da = — dF t , that is Y t is the horizontal part of f t . It 
is easily seen that Y t coincides with the horizontal lift of X t = Xu t w.r.t. the 
connection a. Consequently, {f t } projects onto {h t }. Then we define (6.1) by 
q(f) = h v Due to (6.2) 

(6.3) l H ({q(ft)}) = Uift}), 
where In is given by (2.3), and 

(6.4) V/ G Cont (M,«), g H {id,q(f)) = Q«(&,f)- 
Furthermore, in view of (3.5) and Lemma 3.3(1), we get 

(6.5) 

(V/i G Ham(JV,w)), (V/ G q-\h)), q~\h) = {r c of:r c = Flf»,c G E}. 

It follows that for (JV, w) open q is actually an isomorphism. In the case of 
(N,oj) closed we have the exact sequence of groups 

{1} ->■ S 1 -> Cont (M,a) 4 Ham(^ 5U; ) _► {l}. 
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Then q induces the epimorphism 

(6.6) q : JCont (M, a) -> JEam(N,u), {ft} ^ {?(/*)}. 

Due to (6.5) the kernel of g coincides with Cf (I, S 1 ) C Cf (I, Cont (M, a)). 
The following notion of contact length will be also in use. For a strict contact 
isotopy {ft} in Conto(M, a) we define 

(6.7) ladft}) = max II ft \\a= max || F t W^, 

where F = *„({/*}) e Cg°(I x M,R). By definitions (4.2) and (6.7) we get 

(6.8) l a < %. 

However, the length l£ leads to the same pseudo- metric as the length l a in 
view of the following 

Lemma 6.1. Let (M,a) satisfy the assumption of Claim 1.2. For any <f> G 
Cont (M, a) we have g a (id,4>) = inf(££({/t})), where {f t } G J^ Cont {M , a) . 

Proof For an isotopy {h t } in Ham(iV, u) we define ^({ht}) = max te / || h t ||oo- 
In view Lemma 5.1.C in [16] and (6.4) we have 

Q a (id,(j)) = g H (id,q((j))) = mi{l^({h t })}, 

where {h t } G J7^ Ham(iV, of). The assertion follows by the surjectivity of 
(6.6) and the equality &({</(/*)}) = *£({/t}). □ 

We shall use the classical simplicity theorem on the symplectomorphism 
group, due to Banyaga QlJ). This theorem may be formulated as follows. 

Theorem 6.2. [T] Let (N,u) be a symplectic manifold (without boundary) 
and let Ham(iV, u) be the group of its compactly supported Hamiltonian sym- 
plectomorphisms. 

(1) If N is closed then the group Ham(iV, u) is simple. 

(2) If N is open then the commutator subgroup [Ham(iV, u), Ham(iV, u)] 
is simple. 

By applying this theorem we shall prove the following preparatory lemma 
for the proof of the non- degeneracy of Qh- 

Lemma 6.3. Let (M,a), (N,u) be as in Claim 1.2. Suppose that there exists 
ip G Conto(M, a) with g a (id,(p) > 0. In the case (2) we assume, in addition, 
that ip G [Conto(M, a), Conto(M, a)]. Then qjj is a metric. 

Proof. In view of (6.4) o H (id,q((p)) > 0. Denote Q = Cont (M,a), U = 
Ham(iV, to). Observe that {ip G Q : g a (id,ip) = 0} and {if; G [G,Q] '■ 
Q a (id,ip) = 0} are normal subgroups of Q and [Q,G] resp. It follows that 
{ijj G % : Qh{^i $) = 0} = {e} in the case (1), and {$ G [H,H] : te(id, ijj) = 
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0} = {e} in the case (2), in view of Theorem 6.2. Hence qh is non-degenerate 
on % in the case (1), and qh is non-degenerate on [H,T-t] in the case (2). 

Take any g E %, g ^ id. There is p G N with g(jp) ^ p. Choose a 
neighborhood U of p G iV such that <?(£/) fl C/ = 0, and h G "H supported in £/ 
such that /i(p) 7^ p. Then g/i 7^ /ip and [g, h] 7^ id. Therefore < Qh{\9, h\) < 
2gn(g)- Thus £># is non-degenerate on "H itself. D 

7. Proofs of Claim 1.2 and of Theorems 1.3 and 1.4 

In this section we shall show simultaneously Claim 1.2, and Theorems 1.3 
and 1.4. As a consequence we shall have the non-degeneracy of qh- The proof 
will be divided into six parts. 

7.1. Definition of a mapping K a . Let U = f/xS 1 be the prequantization of 
U, where U is a chart domain and S 1 = R/Z. Let / G Cont (£/, a st ). Denote 
by 

ft = (9t, h t , k t ) = (q(f t ), h), where 9t = (gh ...,g?),ht = (hl,..., /i"), 

a strict contact isotopy supported in U such that /o = id and /1 = /. Here k t : 
[/ — )> S 1 is such that ktk^ 1 descends to a map U — > S 1 , and g : Conto(M, a) — >■ 
Ham(iV, w) given by (6.1). Then there exists a unique lift 

(7.1) ft = (g t , tk, k t ) = (q(ft), ~k t ):U^UxM 

such that ko(p) = for all p, where kt '■ U — I R is the lift of /ci/c^ 1 : £/ — >■ S 1 . 
In particular, ^r(p) = ^ip) f° r an P an d £■ Notice that ^r(p) is independent 
of the choice of a canonical chart on U so that it is a well-defined real number. 
We define for all p G U 

(7.2) *«({/t})(p) == *i(p) = / Q -^(P)*. 

It follows that .ftT a is independent of the canonical coordinates in £/. Clearly 
K a ({f t }) is a smooth map. For any concatenation {f t } = {fj} * ■ ■ ■ * {f^} 
with all factors supported in U we have the equality for all p G U 

(7.3) 

Up) = klip) + k\{fl{p)) + ■■■ + K~\fr 2 ■ ■ ■ flip)) + Kt-^Afr 1 ■ ■ ■ flip)), 

whenever t G [£—, -], where p G N, 1 < p < r. Here /cj corresponds to {//} 
by (7.1). In particular, K a ({f t } * {//}) = #«({/«}) ° f[ + K a {{f t }). 

Now we pass to the global case. Let -r : (M, a) — ¥ (N, u>) be a prequantiza- 
tion bundle. Given an isotopy {ft} in Conto(M, a) we can define a lift 

(7.4) f t = (q(f t ), kt) : M -> iV x R, such that A; = 0, 
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generalizing the lift (7.1) in the following way. It suffices to define kt- For fixed 



p G M take a concatenation {ft} = {ft } * ' ' ' * {ft} with C 1 small factors 
and with r(p) depending on p such that 7r(//(p)), t G /, lies in a chart domain 
Uj trivializing 7r for j = 1, . . . ,r(p). By (7.1) there exists t \- Y k J t (p) G R 
with k J (p) = 0. Then we define k t in (7.4) by making use of the formula 
(7.3), where now {//} are supported in possibly different Uj. This definition 
is independent of the choice of a concatenation for p. In fact, given two such 
concatenations we can take a common sub-concatenation and use (7.3). It is 
also independent of the choice of canonical charts in light of a remark before 
(7.2). In order to generalize (7.2) we define 

(7.5) K a : Ji d Cont (M,a) -> C°°(M,R), K a ({f t }) := k u 

where k t is defined as above. 

Observe that if {f t } and {f' t } are homotopic rel. endpoints then the resulting 
K a ({f t }),K a ({f' t }) : M — > R coincide. Indeed, let {ft, s } be a homotopy rel. 
endpoints joining {f t } to {/ t '}, and let k s = K a ({f t)S }) : M — > R corresponds 
f° {ft,s} by (7.5) with s fixed. For any p G M and s G /, by passing to local 
trivializations of 7r in neighborhoods of p, fl s (p), . . . , (/i/ "'fi s )(p) we 
have that the function s i— >■ /c s (p) is locally constant. This is so because we can 
take concatenations {ft, s '} — {fits' j * ' ' ' * {/tV) °^ ^ ne i s °f°pi es {/t,s'}, with 
s' close to s, such that K a ({fl s ,})(f{~, ■ ■ ■ fl s /)(p), where j — 1, . . . , r(s), are 
constant. Therefore, the function s i— >■ /c s (p) is globally constant, as required. 

Now, suppose ft — fl°'''° ft f° r an *■ Since the isotopy {ft} is homotopic 
rel. endpoints to {f\} * • • • * {//} we obtain by (7.5) and (7.3) 
(7.6) 

*«({/«})(p) = ^({/ < 1 })(p)+^({/ i 2 })(/i(p)) + - • ■+K a ({fj})(ft 1 ■ ■ ■ flip))- 

Summing-up the above considerations we have 

Proposition 7.1. The mapping K a : J iA Cont (M, a) — > C°°(M, R) possesses 
the following properties: 

(1) K a ({f t }) is constant on any fiber 7r _1 (p) ; p G N. 

(2) K a {{ft}*{fi t }) = K a {{ft})of 1 + K a {{fi t }). 

(3) If {ft} and {fj.} are homotopic rel. endpoints then K a ({f t }) = K a ({f{.}). 

(4) K a {{f t }{f' t }) = K a {{f t }) o f> + K a ({f[}). More generally, if f t = 
f l t o---o f^ for all t then (7.6) holds. 

(5) If for some p G M the map t \— > ft{p) is a contractible loop then 
Ka{{ft}){p) = 0. In particular, for any open subset V G N, if 
supp({/ t }) C V then supp(ir Q ({/ t })) C V. 

(6) If for some p G M the map t \— >■ ft(p) is a loop then K a ({f t })(p) G Z. 
(7)K a ({f t ' i }) = -K a ({ft})of-\ 
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(8) *«({/#{/.}) = (Ka({fl}) ~ *«({/*})) o f-\ 

Proof. (l)-(4) are proved above, and (5) follows from (3). (7) is a consequence 
of (4) and (5), and (8) of (4) and (7). It remains to show (6). In fact, if 
t i— ?■ ftip) is a loop, then ki(p)ko(p)~ 1 = G 8 1 = R/Z. Hence fc t , the lift of 
kkv 1 , satisfies K a ({f t })(p) = ki(p) G Z. D 

7.2. Construction of a vertical translation (p. Choose arbitrarily a > 0, 
b > and denote [/ = (—(a + 6), a + b) 2n . Take c > and a smooth bump 
function 

A* = Va,b,c '■ [-( a + fy, a + b] ->■ [0, c] 

such that supp(/i) C (— (a+|6), a+|6), /i = con [—a, a], /j,' > on [— (o+6),0], 
// < on [0, a + b], and |//| < y. For all p G £/, p = (x, y, z), we define 

(7.7) F(p) := F abc (p) := /i(xi) • • • fi(x n )fi(yi) ■ ■ ■ fi(y n ). 



If {4> t } ■= ^a l ( F a,b,c) tnen we set V 9 : = WM := V?i- Denote tp t = (q(tp t ), kf). 
Assume that {f t } is an arbitrary element of J' i ^Conto(U,a st ) and that f t = 
(g t ,h t ,k t ). Hence, in view of Prop. 7.1, K a ({f t }) - K a ({ip t }) is an integer 
constant. Since K a ({f t }) and K a ({ip t }) are compactly supported in U, we 
have K a ({f t }) = K a ({<p t }). It follows that 

(7.8) K a ({ft})(p) = K a ({<p t })(p)>0, VpeU, 



(7.9) K a ({f t })(p) = K a ({ip t })(p) = c 2n , VpeB, 

where B := [—a,a] 2n . Indeed, in view of (3.11) we have 

(7.10) -^(p) = (F - 5>F w )(/ t (p)) > o 

for all p and t, since it is easily seen that F — X^=i Vi^Vi > on [/. Hence 
by (7.2) we get (7.8). Next, (7.9) follows from (7.10) and (7.2) since for every 
t € I and every p G -B we have -gf(p) = F(ip{p)) = c 2n . 

7.3. Estimates in the local case. Given {f t } G J7id Conto(£/, a st ), let F = 
^a({/t}) be the corresponding Hamiltonian in C£°(J x £/, R). Let C/ = (— (a + 
6), a + b) 2n as in section 7.2. We have in view of the equality (3.10) for any 
p eU 
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(7.H) 



L st ({ft})= / WFtW^dt 
Jo 

> / max \F t (p)\dt 

Jo p&u 



> f \F t (f t (p))\dt 
Jo 



fit 



^(p)-E^(p)#(p) 



# 



i=i 



eft 



> 



/'(tw-EMwfw )* 



o 9t 



^(P)cft- /E^)I(P)* 



i=l 



9* 



It follows from (7.2) and (7.11) that for any p Ell 

(7.12) 



,1 n 



%t 



*a({/t})(p) -*«*({/«})< / E^(P)^(P) d ^^(W)(P) + ^({/*})" 



i=l 



From now on [/ will be identified with [/ x {0} C U x S 1 = [/. Then using 
(7.12), (3.11), (6.8), Prop. 7.1(1), bearing in mind that f t is independent of z, 
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and applying Fubini's theorem we have 
(7.13) 

j v K a {{ft})lp)dp< jf l^lfriffri^LH/J) dp 



i=\ 



i \Ju i=1 



i \Ju i=1 



J2hl( P )^(p)dp) dt+ JjaAiftMp 

I E h i(p)^(p>°) dt + ™i(u% 3t ({f t }) 
I [I (|>f^) (/*(p))m ^+voi(c/)^ ({/«» 

/ (X (I^S) (p)dp ) rft + (2a + 26)2n/ ^ ({/t}) 

= -E^« UU y^(t,p)%Utjrf(a;, 2 /^) + (2a + 26) 2 X t ({/ i }) ) 

where y^ = (yi, . . . , yi, . . . , y„), C/W = pr^C/), where pr^ is the canonical pro- 
jection along yi, and for any [3 <E I x U^ we denote Lj^ = {(t,p) £ I x U : 
(t, x, yl, z) = (3} which is identified with (—(a + b), a + b). Further, integrating 
by parts we get 



< 



')^f( 9 ' f ' 1 ^-/"/*) 



1 / ra+b op 

Vi-iT-dyi }dt= I I yiFt\ a V a+b) - / Ftdyi ) d* 

\J-(a+b) °Vi J JO \ J-(a+b) 



(7.14) f 1 

<0 + (2a + 2b) max\F t (p)\dt 
Jo pet) 

<(2a + 2bX st ({f t }). 

Therefore, in view of (7.13) and (7.14) we have 
(7.15) 

K a ({f t })(p)dp < vo\(U)(n + mj{ft}) = i2a + 26) 2 > + l)l^({f t }). 

u 

Notice that the first inequality in (7.15) is true as well for an arbitrary canon- 
ical chart domain U in view of Fubini's theorem. 
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Now suppose {f t } G J^ A Conto(M, a). For B = [—a,a] 2n it follows from 
(7.8), (7.9) and (7.15) that 

(2a) 2n c 2n = c 2n vo\(B) = I c 2n dp = f K a ({f t })(p)dp 

(7.16) Jb Jb 

< / K a ({f t })(p)dp<(2a + 2b) 2n (n + lXJ{f t }). 
Ju 

Thus, in light of Lemma 6.1 and (6.4) we obtain the following inequality 

2n In 

where (F a is the metric g a given by (4.6) for U, (F H is the Hofer metric for U. 
In general, the above inequality cannot be deduced from the energy-capacity 
inequality since supp(g (</?)) is independent of c. 

7.4. Proof of Theorem 1.3. Let n : (M,a) — > (N,u) be a prequantization 
bundle. Suppose that N = U\ U . . . U U r is an open covering satisfying the 
hypotheses of Theorem 1.3, and let (p G Cont^M, a) be defined by (7.7). 

Suppose that {f t } G 3f A Conto(M, a) is an arbitrary isotopy. Then the 
isotopy {ftff 1 } is a loop, where {(ft} = \I/~ 1 (-F a ^ c ). Therefore, in view of 
Prop. 7.1, 

(K a (W t }) - K a ({f t })) o f- 1 = K a ({ip t f- 1 }) = m G Z. 

It follows that K a ({f t }) = —m on M \ U, since j\ preserves U . Then, due 
to (6.5), (6.6) and Lemma 3.3, we can replace {f t } by {f t } := {r mtt f t }, where 
{T m ,t} = ^« 1 ( m ) an d m ^ C°°(M, M.) is the constant function. It follows that 
{ft} has the same properties and, in addition, K a ({f t }) = on M\U . Clearly 
U{ft}) = la({ft}) and £({/*}) = %({ft}). Again by Prop. 7.1 and by the 
fact that supp({/(}) C U it follows that K a ({f t }) = K a ({(p t }) on M. Thus 
we may and do assume that 

(7.18) K a ({ft}) = K a (Wt}). 

Observe that (7.18) still holds for N open, even by a simpler argument. 
Now, we take a concatenation for {f t } 

{/*} = {»?}*• "♦{ft 1 } 

with with sufficiently C 1 -small factors {gf} G J\d Conto(M, a). In view of 
definition (4.2) of the length l a , we then have 

(7-19) J«({/t}) = 5>(K})- 

p=\ 

20 



Next, due to Lemma 3.5, there is a fragmentation 

VtG/,Vp = l,...,r, g! = g?' R o-.-og*\ supp^Hcf/,, 

smoothly depending on t, where i — 1, . . . , r. In view of the usual procedure 
of fragmentation and Lemma 3.3, we have for all p and % 

(7.20) L{{g p /}) < 2UK}). 

Consequently we get a decomposition 

Vtel, f t = f t o...ofl 

with each factor {//} supported in U^ G U. Here each {//} identifies with 
{g^ 1 } f° r some 1 < p < R and 1 < i < r so that I = Rr. In light of (7.19) 
and (7.20), it follows that 

l R r R 

(7.21) 5>({//}) = ]T$>(K' J }) < 2r^/ a (K}) = 2rl a ({f t }). 

j=l p=l i=l p=l 

Since f{~ • ■ • f\ are strict contactomorphisms, by using (7.6) we get 

(7.22) 

/ K a ({f t })(p)u a = J2 [ K a {{U}){f{- l ...fl{p))v a = J2 ! K a ({f>})(p)v a . 
JM - =1 Jm • 1 Jm 

Thus, from (7.18), (7.9), (7.8), (7.22), Prop. 7.1, and (7.15) we have 



(2a) 2 V™= / K a ({f t })(p)dp 

J B 

< [ K a ({f t })(p)u a 
Jm 
i 



(7.23) 



= E/ K a ({fi})(p)u a 

j=1 Jm 

I 

<E(n + l)vol(C/ i0) )^({//}) 
<(n + l)vd(tf)£l^({//}). 
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For any e > and any 1 < j '< I, in view of Lemma 6.1, let {//} G 
l 7idConto(M, a) with supp({//}) C U^ such that /f = f( and it satisfies the 
inequality 

(7-24) J(L({//}) < 1«* ({//» + f 

Replace {/ t } by {/ t } such that /; := /( ° • • ■ o // for all £. Then / = id and 
/i = v?- From (7.23), (7.24) and (7.21) we obtain 

i 



(2a) 2 V" < (n+ l)vol(tf) £ C ({//}) 






< (n + l)vol(C/)^ (C ({//}) + 

<(2n + 2)r(2a + 26) 2 "/ Qst ({/*}) + e. 



Therefore 

(7.25) (2a) 2 V" < (2n + 2)r(2a + 26) 2 X st ({/*})• 

Consequently, in view of (6.4), we get for (p = (p a ,b,c G Conto(M, a) and for 
q(tp) G Ham(iV, u) 

„2n„2n 

(7.26) {a + b yn {2n + 2)r < ^ <P) = OHiid, q(<p)). 

7.5. Proof of Theorem 1.4. . The proof of Theorem 1.3 is still valid for 
Theorem 1.4 with some modifications. 

By standard arguments we can find an open cover N — Uq U . . . U Ui n with 
Ui = \_\ k Ui } k, where i — 0, . . . , 2n, k — 1, 2, . . ., such that the cover U = {U.^k} 
is locally finite and the family {L^jfcLi is pairwise disjoint for all i. We can 
arrange so that U = C/o,i is such that vol(£7) = maxj^ vol(Ui t k)- Moreover, we 
assume that U is a good cover, that is each intersection of elements of U is a 
ball. 

Let ip = (p a ,b,c G Contj)(M, a) be defined by F ai 6 iC given by (7.7). Choose 
arbitrarily {f t } G J^ A Conto(M, a). For the case of (N,u) open there is a 
compact subset C G N such that the isotopy q({ft}) is supported in C and 
we use Lemma 3.5 with this C. Consequently, in each case (1) or (2) we may 
have that 

2n fc(i) 

supp({/ t }) C |J [J U itk 

i=0k=l 

for some k(i) G N, i = 0, . . . , 2n. 
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As before we take a concatenation {f t } = {g^} * • • • * {g^} with with suf- 
ficiently C 1 -small factors {g p } € J\& Conto(M, a) such that (7.19) holds true. 
By Lemma 3.5, for all t and p there is a fragmentation 

(7.27) g? = g?' 2n o---ogf, suppfeD C {/„ i = 0,...,2n, 
smoothly depending on £, with (7.20). Next, 

(7.28) Vp = 1, . . . , R, V* = 0, . . . , 2n, g p / = gf Mi) o • • • o tfA\ 
where supp((?f'*' ) C U^k for A; = 1, ... , /c(i). Thus we have a decomposition 

(7.29) We/, f t = f t o...ofl 

with each factor {//} supported in U^j),k(j)- In (7.29) each {//} is identified 
with some {gf'*' }. It follows that I = fiEi=oM')' Observe that the decom- 
position (7.29) consists of blocks of the type (7.27) and, due to (7.28), actually 
of blocks of the type (7.28). We shall analyze the formula (7.22) with respect 
to these blocks. 

Denote g p,t = g p ' l ~ ■ ■ • g± g p ~ • ■ • g\ and U p ' 1 = g P ' l (U). Then, in view of 
Prop. 7.1 and (7.6) we have 



K a ({f t })(p)u a = / K a ({f t })(p)dp 

M JU 

I 



E / KMiwt 1 ■ ■ ■ fi(p))dp 

3=1 JU 

EE/ K°({9? i *})(9? i *- 1 ~-9? i ' 1 9 f 

p,i fc=l ^ u 

Hi) 

EE/ Ka({9? i *})(9? i *- 1 ~'9? i ' 1 ) 

P ,i k=i Jup ' i 



(7.30) k{i) 

~" p ' l ){p)dp 

" . . Jtt 

Pi* 

/.■(/) 

l )(p)dp 



Now observe that vol(U p,t ) = vol(U) and that for all t, p, % the supports of 
g P ' 1 ' , . . . , g p ' 1 ' are pairwise disjoint. It follows that 

(7.31) / K a ({gr k })(gr k - 1 ---9r 1 )(p)dp= I K a {{g^ k }){p)dp, 



where U p ' t,k , k — 1, . . . , k(i), are pairwise disjoint balls such that Yli=l vol(£/ Al,fe ) < 
vol(J7). Therefore, due to (7.30), (7.31) and (7.15) 

k(i) 

j K a ({f t })( P )u a = J2 E / ^«(K ,i,fc })(p)* 

k(i) 

<^X;(n+i)voi((/^)^({ 9 r fc }) 

(7.32) ft* *=i 

<( n+ i)^^voi(^)^({ 9 r}) 

p,i k=l 

<(n + l)vol(tf)£/£ t ({&"}). 

Finally, using (7.32) and proceeding exactly as at the end of section 7.4 we 
obtain 

(2a) 2 "c 2 " < (An 2 + 6n + 2) (2a + 2b) 2n l a J{f t }) 
and due to (6.4) 

„2n„2n 
(7-33) (fl + 6) 2n (4w 2 + 6w + 2) ^ *«(*' <P) = <*<&> ^))" 

7.6. Construction of ■?/> with good properties. By good properties we 
mean (7.37) and (7.41) below and the fact that ip belongs to the commutator 
subgroup. For a > we denote subsets of M? n as follows: 

U a = [-a, a] 2 ™, V a = [-3a, 5a] x [-3a, 3a] 2 "" 1 , B a = [2a, 5a] x [-3a, 3a] 2 "" 1 . 

Set U = £/i5 . Let r a G Conto(?7, a s t) such that r a \v a = Tg„ |y (c.f. section 
3), and supp(r a ) C (—4a, 15a) x (—4a, 4a) 2 "" 1 . That is, on V a the map r a the 
9a-translation along the xi-axis. Next, for c > 0, d > by using notation 

(7.7) we set 

"X_a,c • L^5a,a,cj 'aj 7~a Vba a c'> a^ba,a,ci tya,c,d ■ [^Pa,a,d^P5a,a,cj 'oj ■ 

It is easily seen that 

(7-34) VV.dlf/o = Wa,c+d|(7 a , 

(7.35) V'a.c.dlBa = <p5a,a,c\B a , 

( 7 -36) ^a,c,d|\t/ 5a = Xa,c\\U 5a - 

Define 

^ --=1pa,c,d, A ■ = [<fm,T a ], 

where {v9 t } := *^(F 50]0!C ) and {<^J := ^(i 7 ^). Let us take any iso- 
to Py {/*} e JJd Cont (M, a st ). Then, similarly as (7.18), we get K a ({f t }) = 

24 



K a ({ip t }). In view of (7.8), (7.9), (7.34), (7.35), (7.36) and Lemmata 3.3 and 
7.1 it follows that 

(7.37) K a ({f t })(p) = K a ({i> t })(p) = c 2n , \/p E B a , 

(7.38) K a ({f t })(p) = K a ({M)(p) = (c + d) 2n , Wp e U a , 

(7.39) K a ({f t })(p) = K a {{lH})(jp) > 0, Vp E U 5a , 
and 

(7.40) Ka{{ft})\\u a is independent of d. 
Then (7.38), (7.39) and (7.40) imply that 

(7-41) / K a ({f t })(p)dp= [ K a ({ik})(p)dp>0, 

JU\B a JU\B a 

provided d is large enough. 

In view of (7.37) and (7.41) the inequality analogous to (7.26) still holds 
in our case if we replace tp by ip. In fact, the inequalities (7.16) and (7.25) 
remain true in our case. Likewise for (7.33). Since vo\(B a ) = |(6a) 2n and 

vo\(U) = (30a) 2n , we have that g a (id,ip) is bounded from below by 5 2n/ C 6n+6 \ r 
or by 5 2n( 12 n C2 +i8n+6r This completes the proof of Claim 1.2. 

Proof of the non- degeneracy of Qh- It follows from Claim 1.2 combined with 
Lemma 6.3. 
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